We consider the binding numbers of K r -free graphs, and improve upper bounds on the binding number which force a graph to contain a clique of order r. For the case r = 4, we provide a construction for K 4 -free graphs which have a larger binding number than previously known constructions. This leads to a counterexample to a conjecture by Caro regarding the neighborhoods of independent sets.
Introduction
Woodall [11] In [11] , Woodall showed that a binding number of at least 3/2 implies that the graph is hamiltonian. Additionally, Shi Rong-Hua showed in [9] that a binding number of 3/2 also implies that the graph contains a triangle, and furthermore, the graph is pancyclic [10] (contains a cycle of every intermediate length). (See [4] for a short proof for a triangle.) The binding number 3/2 is best possible for the existence of a triangle (see Subsection 2.1).
Kane and Mohanty [6] observed the following theorem, which follows from a result of Andrásfai, Erdős, and Sós [1] :
In addition, they observed that there are K r -free graphs with binding number r −2, such as the tensor product
In Subsection 2.2 we will improve on this result when r = 4 by showing that there are K 4 -free graphs with binding number arbitrarily close to 1 4 (3 + √ 33) ≈ 2.186. In Subsection 2.3 we will use a similar construction to disprove a conjecture of Caro. In Section 3 we will improve on Theorem 1 by showing that a K 4 -free graph has binding number at most 2. K r -free Graphs with Large Binding Number
Triangle-free graphs
3i−1 , the complement of the (i − 1)-th power of the cycle C 3i−1 . For example, Γ 2 is isomorphic to the 5-cycle and Γ 3 is isomorphic to the Möbius ladder on 8 vertices (See Figure 1 ). This family is well known. We state the following lemma to summarize some known properties of these graphs. Proof. It is well-known [11, 7] In light of these properties, it is not hard to show that the binding number of this family of graphs tends to 3/2 from below, as noted by Woodall [11] . This family figures in other results. For example, Chen, Jin, and Koh [3] showed that a 3-colorable triangle-free graph with minimum degree δ(G) > n/3 must be homomorphic to some Γ i . (The definition of their family looks different but it is the same family of graphs.)
K 4 -free graphs
We improve on the lower bound of Kane and Mohanty by constructing K 4 -free graphs with binding number larger than 2. Let Γ i = C i−1 3i−1 as before. Define the graph G(i, a) = Γ i ∨ K a , the join of the triangle-free graph Γ i and an independent set of a vertices. This graph is K 4 -free. It is not hard to show:
Proof. For a set S with N (S) = V (G), we can take vertices either only from Γ i or only from K a .
By 
since the middle expression is decreasing in b, and therefore achieves its minimum when b = 2i − 1. On the other hand,
since the minimum is taken when S = V (K a ). Thus bind(G) is the minimum of the above two expressions.
Since one expression in the formula of Lemma 2 is increasing in a and the other expression decreasing in a, we let a(i) be the nearest integer to the value of a where the two expressions are equal. It can be calculated that 
A counterexample to a conjecture of Caro
An extension of this family of graphs disproves the following conjecture, which was made by Yair Caro in a postscript to [8] :
Conjecture 1 (Caro). Let r ≥ 2 be an integer and let G be a graph of order n such that |N (X)| > (r − 2)(n + |X|)/r for every independent subset X of V (G). Then G contains a copy of K r .
For r = 2, the conjecture simply states that G contains an edge if |N (X)| > 0 for every independent subset X, and the main result of [8] showed the conjecture true for r = 3. However, the conjecture is false for r ≥ 4, and the graphs can be constructed in the following way. Let Γ i = C i−1 3i−1 , as before. Now, define the graph G(i, r, a) = Γ i ∨ ∨ r−3 j=1 K a , the join of the triangle-free graph Γ i and r − 3 independent sets of a vertices, which has order n = 3i − 1 + (r − 3)a. It is immediate that G(i, r, a) is K r -free.
Consider G(i, r, a) with r ≥ 4. Since any independent set in a join of subgraphs is contained in only one of the subgraphs, there are two cases to consider. First, an independent set X contained in a subgraph of the form K a has |N (X)| = n − a and |X| ≤ a. It follows by some algebra that the hypothesis of the conjecture holds for all such X if and only if
Second, an independent set X contained in the subgraph Γ i has |N (X)| ≥ |X| + i − 1 + (r − 3)a (with equality if the vertices of X are consecutive), and |X| ≤ i. It follows by some algebra that the hypothesis of the conjecture holds for all such X (|X| = 1 is the hardest) if and only if a > i.
If i < a < 1 2 (3i − 1), then we have a K r -free graph which satisfies the hypothesis of the conjecture. Thus, for example, G(4, r, 5) is a counterexample. 
Upper Bounds on the Binding Number
Next, we consider finding upper bounds on the binding number of a K r -free graph; first for r = 4, and then for r > 4. In both cases, we accomplish this by finding bounds on the independence number of a K r -free graph with large minimum degree.
Upper bounds on the binding number of K 4 -free graphs
For K 4 -free graphs, we begin by proving an easy strengthening of a result in [1] for degree-sums: Proof. Since each vertex in G is adjacent to at most two vertices of C, v∈V (C) d(v) ≤ 2n. Thus the average sum of the degrees of two consecutive vertices of C is at most 4n/5, as required.
We also need the result of Brandt [2] that all maximal K 4 -free graphs with δ(G) > 4n/7 that are not 3-colorable contain the 5-wheel as a subgraph. 
Proof. We may assume that G is maximal K 4 -free. If G is 3-colorable, then it has an independent set of at least n/3 vertices. Otherwise, by the minimum degree condition, we know from Brandt's result that G contains a 5-wheel. Let u be the center of the wheel, so that N (u) = N G (u) contains a 5-cycle C. Let H be the subgraph of G induced by N G (u); then H is triangle-free. By Lemma 3, C contains consecutive vertices a, b such that
, which is an independent set contained in V (G)\V (H). Then,
This provides a simple upper bound on the binding number of all K 4 -free graphs.
Theorem 5. For any K 4 -free graph G,
Proof. If i is the order of the largest independent set, as before we have bind(G) ≤ (n − i)/i = n/i − 1. By Theorem 4, i ≥ min{n/3, (11/5)δ(G)−n}. If i ≥ n 3 , then we have bind(G) ≤ 2. So assume that i ≥ (11/5)δ(G)−n. Then we get bind(G) ≤ (10n − 11δ(G))/(11δ(G) − 5n). This decreases with δ(G). Also, we can choose the nonneighborhood of a minimum-degree vertex, and get bind(G) ≤ (n − 1)/(n − δ(G)) < n/(n − δ(G)). This increases with δ(G). Then, at δ(G) = ((16 − √ 91)/11)n, these two values are equal, and give a maximum binding number of
We conjecture that the lower bound (2.186 . . .) is the correct threshold.
Upper bounds on the binding number of K r -free graphs, r ≥ 5
Large independent sets can also be found in K r -free graphs (r ≥ 5) with large minimum degree. We use a result of [5, 7] , that if G is K r -free (r ≥ 5) and δ(G) > (2r 2 − 8r + 7)n/(2r 2 − 6r + 4), then there exists an independent set of at least n/(r − 1) vertices. Proof. If δ(G) ≤ (2r 2 − 8r + 7)n/(2r 2 − 6r + 4), then taking S to be the set of vertices nonadjacent to a vertex of minimum degree, we get bind(G) < n n − δ(G)
Otherwise, we can apply the result of [5] to find an independent set of at least i = n/(r − 1) vertices, so that bind(G) < n − i i = n i − 1 = (r − 1) − 1 = r − 2.
This improves on the upper bound r − 4/3 of Kane and Mohanty.
